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Abstract— A cooled porousinsert ina curved wall has a specified spatially varying heat flux applied to oneside.
Itis desired to control the distribution of coolant flow out through this curved surface so that the surface will be
kept at a desired uniform temperature. The flow regulation is accomplished by shaping the surface through
which the coolant enters the region to obtain the required variation of flow resistance within the region. The
proper surface shape is found by solving a Cauchy boundary value problem. Analytical solutions are given in
two dimensions for various shapes of the heated boundary subjected to different heating distributions.

NOMENCLATURE
A shape parameter of curved heated surface
B amplitude of heated surface shape
c, specific heat at constant pressure of coolant
D term defined after equation (35b})
E elliptic integral of the second kind
F elliptic integral of the first kind
H amplitude of heating variation along heated
surface
I,...1, functions defined after equation (35b)
kp effective thermal conductivity of porous
material
k modulus of elliptic integral, k' = /(1 —k?)

M for incompressible flow, (1/2)(w/u ){t.,/0);
for compressible flow, u/u,,
n coordinate in direction of outward normal,
Nw
P for incompressible flow, p/p,, ; for
compressible flow, (p/p..)?
pressure
heat flow rate per unit area
heat flux vector, equation (3)
gas constant
1 --- R, functions defined after equation (35b)
distance along curved boundary, Sw
temperature ratio, t/t
absolute temperature
coolant velocity vector
w width of porous region in the x-direction
X,Y Cartesian coordinates, x/w, y/w
X,, Y, functions X (W), Y(¥) along S,
x,y  Cartesian coordinates
A complex variable, X +1Y.

B ™ g v ooy W

Greek symbols

angle defined after equation (42b)
angle defined after equation (42b)
dummy integration variable
variable, n® /¥,

anglein Fig. 3

permeability of porous material
parameter, p,,¢ kP /2t nKm

R S ST R

coolant viscosity

variable, n'¥/¥,,

dummy variable

coolant density

potential function obtained by solving
boundary value problem

value of @ obtained using equations (13)
and (14)

amplitude of elliptic integral

quantity defined after equation (42b}
function orthogonal to @

¥, maximum of ¥

V2 o¥oxratjov?,

& BT penE

-l

Subscripts
ref  reference value
s at shaped coolant entrance surface
0 at curved boundary exposed to heat load
(coolant exit surface)
0 conditions in coolant reservoir.

INTRODUCTION

A POSSIBLE cooling technique for surface protection
against high external heat fluxes is to use a porous
structural material and force coolant through it so that
it leaves the porous region through the heated
boundary. Applications are in arc electrodes, turbine
blades, rocket nozzles, and re-entry bodies. In the
present analysis, the surface exposed to the heat load is
curved and is required to be at uniform temperature
even though the heat flux along it can be nonuniform.
The required cooling can be achieved by utilizing the
flow resistance within the porous region to obtain
proper coolant distribution. The porous region surface
at the coolant reservoir is shaped so that the necessary
flow resistance is provided along paths through the
region, The shape must be designed to yield the desired
uniform temperature along the coolant exit surface.
The analysis includes not only the effect of convective
cooling within the porous region, but also the
redistribution of energy by heat conduction in the
porous metallic matrix.
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The flow through the porous region is governed by
Darcy’s law, and can be compressible (perfect gas) or
incompressible. Local thermal equilibrium is assumed
between the coolant and the porous metallic matrix.
The fluid viscosity can be a specified function of
temperature. For these conditions a heat transfer
theory has been developed and applied in refs. [ 1-4].
The heat transfer characteristics were shown to depend
on obtaining a potential function in the region, so the
mathematical problem is elliptic in type.

As discussed in ref. [4], the dual conditions of both
temperature and heat flux being specified along the
coolant exit boundary mean that the boundary
conditions are of the Cauchy type. Consequently for an
ellipticsystem the mathematical formulation is not well
posed. Many useful solutions can be obtained,
althoughitis not possible to find region shapes that will
provide a desired performance for arbitrary heating
conditions and surface shapes at the coolant exit
boundary. A variety of solutions are given here for a
class of cosine-like exit surface shapes. The heating
conditions considered are uniform heat flux along the
boundary, uniform unidirectional incident radiation,
and a cosine type heating variation. The solutions
illustrate the interactive effects on the inlet boundary of
the exit boundary shape and the imposed heating
conditions.

ANALYSIS
The two-dimensional (2-D) porous region is shown

in Fig. 1. The curved upper and lower boundaries are

COOLANT RESERVOIR, Pe, to

COOLANT
IN
BOUNDARY s : VSV?\I[_II? Z
DS. ts _\\ /////////
\

T~— BOUNDARY s,
pov t0

1 _ﬁ qo(X,Y)
'ON Oref

(h)

F1G. 1. Curved porous cooled insert in a solid wall : (a) physical

coordinates and conditions at boundaries ; (b) dimensionless

coordinates with boundary conditions in terms of potential
function.
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permeable, while the side boundaries are joined to a
solid wall and hence have no flow through them. The
upper reservoir contains coolant at p., t_ that is
pumped into the region through boundary s. The
coolant flows out through s, which is at uniform
pressure p, and has a heat flux ¢¢(x, v) imposed along it.
The coolant flow distribution through s, is to be
regulated to carry away this heat load and maintain the
surface s, at a specified design temperature ¢,. This is
accomplished by having the proper shape of the upper
curved surface. The correct region shape will provide
the required flow distribution and heat conduction
within the porous structure such that s, will be at the
desired uniform temperature. In many instances the
flow resistance of the porous medium is large enough
that p,—p, is much greater than any pressure
variations along the porous boundaries. Hence p,,, and
po can each be assumed uniform. The effect of
nonuniform pressure can be estimated by using ref. [5].

General equations and boundary conditions

The differential equations of flow and energy have
been developed and applied in refs. [ 1-4], and will now
be briefly summarized. The relations allow for either
compressible or incompressible flow, and for a coolant
viscosity that is a function of temperature. The general
equations are Darcy’s law for flow through a porous
material

K
u=—Vp, ()

(where x is constant in the present analysis),

conservation of mass

(2a)
(2b)

V-u = 0 (incompressible flow),
V- (pu) = 0 (compressible flow).

energy conservation for conditions of thermal

equilibrium between solid and coolant
V-q=0 where q= —k,Vi+puc,yt, (3)
and the perfect gas law for a compressible coolant

p = pRe. 4)

The boundary conditions along the coolant inlet
surface s are (upper surface in Fig. 1)

p=p,= p, = const, (5)
kmns ) Vl = 'U(,I’(I #v[‘x,)ns ‘u, (6)

wheren, is a unit outward normal vector. Along the side
boundaries, which are assumed insulated

—— =0, Ta
Cx (72)
ot -0 (7b)
x
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Along the coolant exit surface s, of the region (the
heated lower surface in Fig. 1)

p = p, = const., (8)
t = t, = const., )
ot
k== = dolx, ). (10)
cnjg

Potential function relations

Although the geometry is somewhat different, the
analysis in ref. [4] involves boundary conditions
similar to those of the present study. A key element
shown by the analyses in refs. [1, 4] is that the spatial
distributions of temperature, coolant flow, and heat
flow within the porous region can all be expressed by
analytical functions in terms of a potential function
DX he @ is obtained bv solving Lablace’s
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Figure 1(b) summarizes the conditions on ®. The shape
of the upper surface at constant ®; must be found to
satisfy the dual boundary conditions (12) and (16) along
the lower surface.

Region in potential plane, W = ¥ + i@

The region in Fig. 1(b} extends between two constant
® surfaces along 1-2 and 3-4, and the vertical sides are
normal to the constant @ lines. The region thus
occupies a rectangle in the W-plane as shown in Fig. 2.
The region can be extended in a periodic fashion in the
X-direction by reflecting about the zero-derivative side
boundaries (which become symmetry lines) as shown in
Fig. 1(b); the transformed region then occupies an
infinite strip in the upper half plane in Fig. 2. In what
follows it will be necessary to describe ¥ (the function
orthogonal to @) in terms of X, Y. When results are

[ —————E—SE———————————————_——————————

Physically, the negative gradient of @ 1s proportional to
the energy flux by both convection and conduction in
the region [1].

After @ has been found, the temperature distribution
in the region is obtained by using

W et
TX,Y)y=1+(Tp—1 ——OX,Y) |
(X.Y)=1+(Ty )exp[ Kt (ToeT) ( )]
(11)
This particular form results from arbitrarily fixing the
level of @ such that at the lower boundary

OX,Y)=0 (X,Y on5S,), (12)

so that along S,, T(X, Y) = T, which is the specified
dimensionless surface temperature. At the upper
boundary, equation (11) yields

kot To—1
b = "A(T,— 1)1 R
ST (Tp )n<T——1>

ref s

(13)

where T, and @, are both uniform over S asshown by the

derivations in refs. [1-3]. The upper boundary

temperature T is not a specified quantity, but depends

on the coolant flow rate and thus on the pumping

pressure and coolant viscosity. The T is found from the
relation [1-3]

1 [

PO = 1 + -

A

MT
= dT,

(14)
r, 1-T

where P, and T, are known, and the factor M accounts
for the coolant viscosity variation with temperature
inside the region. Along the side walls the boundary
conditions in terms of @ are

o

== (19)

By expressing t in terms of @ by equation (11), the
remaining boundary condition, equation (10), becomes
P _4olX,Y)

- (16)
N D=0 Gref

Nc WY -planc the A, 1 arc dependent variapies ol &
and V. Since ® and hence ‘P, are analytic functions of
X, Y, then the X, Y are analytic functions of ¥, ® and
satisfy

32X X
%Y  *Y
el + T 0, (17b)

in the region bounded by ® = 0 and ®,. The Cauchy-
Riemann equations then yield

o0X _6Y 18
Frairrs (182)
oX Y
T (185)

The Cauchy boundary conditions consist of
specifying a function and its normal derivative along
the same boundary. In terms of Fig. 2 this would consist
of knowing X(¥), Y(¥), and (6X/0®)(\P), (0Y/0®) (V)
along the real axis 1-2 corresponding to the known
boundary S, in Fig. 1. If these boundary conditions are
known, the results in ref. [6; p. 6897 can be used to
derive an expression for Z(\¥, ®)in the region (aslong as

7= d
4 | |3
% X0, & YU, & ? %
i et X0 Y J
1 0 12

Fi1G. 2. Porous region in the potential plane W = ¥ +i®.
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Z remains analytic)

Z(¥,D) = X(¥, D) +iY(¥, D) = Re[X (¥ +i®)]

) . ] ¥+ i@ aX
+i Re[ Yo(P +i®)] + 5 j [(aTD)O(C)

¥ —i®

oY
i\ — de. (1
+1<6<I>)0(C)] 19
Using the Cauchy-Riemann relations, equations (18a)
and (18b), this is equal to

X(¥, @) +iY(¥, D) = Re[ X (¥ +iD)]
i Re[ Yy (¥ +i®)] L oY
+iRe[Yo(W +i )+£ vl \o¥ o(C)

[0X
+1<ﬁ>O(C)] d¢. (20)

I the functions X ;(W)and Y,('¥) at the lower boundary
are known, equation (20 can be integrated to yield Z in
terms of known quantities

Z(P,®) = Re[ X o(¥ +i®)] +i Re[ Yo(¥ +iD)]

1 . .
t5 [— Yo +iXoO1§1ie. 1)
Since X and Y; arereal functions ola complex variable
(i.e. the conjugate of the function equals the function of
the conjugate), this simplifies to

Z(W,0) = X (¥ +i0)+iY (¥ +iD), (22

so that by separating real and imaginary parts
X(¥,D) = Re X (¥ +id)—Im Yy (W +iD), (23a)
Y(W,®) = Im X (¥ +iD)+Re Y (¥ +id). (23b)

As long as the solution is contained within a region in
the upper half plane in which Z is analytic, the X, Y
coordinates can be determined if the functions X (‘V)
and Y,('P) are known along ® = 0. These required X,
and Y, relations can be found from the specified surface
shape and imposed heat flux along the lower boundary
in Fig. 1.

Since @ and ¥ are analytic functions of X and Y we
have the relations (referring to Fig. 3)

a0 o0 o o
Plsino=20 = —C - 228 Gine, (24a)
aN|, Xl Tarl, T as|

g 00 ow o
— =——| = ——| = ——| cos 0.
aN|, oYl x|, as|,

24b)

FiG. 3. Detail of normal direction along boundary S,
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Hence, by using equation (16)

oD _ (X, Y)

v
aN Gref

S|y’

= (29)
(1]
which is also a Cauchy-Riemann equation since N and
S are orthogonal. Integrating for ¥ as a function of S,
(let ¥ =0at S, =0)

So(X.Y) X, Y
WX, Y) = j WX Y)

0 Gret

So (X,Y on S

(26)

With Sy(X, Y)and g4(X, Y)specified, equation (26) will
provide the necessary relations for calculating X and Y
from equations (23a) and (23b). When ® = @, where
the value of @, is found from equation (13) in
conjunction with equation (14) for the specified
physical conditions, then equations (23a) and (23b) will
yield the coordinates of the unknown upper surface in
Fig. 1(b). Results will now be obtained for some specific
heating conditions.

Results for various heating conditions

Heat radiation in the Y-direction that is uniform with
X. As a first example, unidirectional radiative heating
provides an especially simple analytical solution; the
heating is shown in Fig. 4. If o is the absorptivity of the
surface for radiation, the heat flux along S, is g¢(S)
= ,q% €08 0(S). The surface temperature is assumed
sufficiently low so that reradiation can be neglected.
From equation (26), since dS/dX|, = 1/cos 8, there
results along S, (let g,f = 04,.4)

Y(X,Y) = j

0

X(So)
dx
0

Xo
= Jv dX:Xo.

¢

ds
cos 0(S) —
dx

27)

Then by use of equation (27) in equations (23a) and
(23b)
X(¥,D) = Re (¥ +1D)—Im Yy (¥ +i®), (28a)

Y(W,®) = Im (¥ +i®)+ Re Y(¥ +id), (28b)

where Y, (W) = Y,(X) by virtue of equation (27), and
Yo(X) is the specified shape of the heated lower
boundary in Fig. 4. This type of solution is related to the
results for an inverse electrochemical machining
problem analyzed in ref. [7].

5= YoiX)

BN
SRR REERREE

Grag (UNIFORM)

F1G. 4. Heating by uniform radiation directed parailel to
Y-axis.
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A convenient periodic function that will define a
variety of shapes for the lower boundary, by using
various 4 and B, is

B(I—A)< 1+ A

Yo(X) =
olX) 24 \1+A4 cos nX

— 1) —-l<A<].

29
The Y,(0) =0 and Yy(1) = B (the amplitude of the
curve), and A regulates the shape as shown by the sets
of curves for @, = 0 (labeled ‘lower boundary’) in Figs.
S{a) and (b). Using equation (29) [and Yy(X) = Y,(\V)
from equation (27)] in equations (28a) and (28b) yields
for the coordinates of the upper surface (0 < ¥ < 1,
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those in equation (29) and comparisons can be made.
Equation (33) is substituted into equation (31) and the
square root expanded for small B to obtain

X‘P-—WlanlAzz
O()~o—5ﬁ(_)

sin? (n'¥/'¥,,)
x [1+ A4 cos (n¥/¥ )T*

} dw. (34)

The integration is carried out and the result, along with
equation (33), is substituted into equations (23a) and

O =00, >0)
B(1—A?%) sin 7 sinh n®,
X,=¥-—F— ; - , 30
s 2 (1+ A4 cos n¥ cosh n®)%+(A sin 7¥ sinh 7d,)? (30a)
B(1—A4 1+A4)(1+A Y cosh n®,
Y= 0+ ( ) (1+A)(1+ co;n c' ns? 1. (30b)
24 (1+ A4 cos n¥ cosh nd)?+(A sin ¥ sinh 7d,)
A THIC
When the shape parameter A = 0, the lower boundary PA:? /:(ARIEETSE??
isasimple cosine curve and the coordinates of the upper &g ’
surface become 6 — 03
By | .
X, = ‘P—<> sin ¥ sinh n®,,
2 -5 [ SHAPE
PARAMETER,

B
Y. = (DS+<5>(1 —cos n'¥ cosh nd,).

Results for upper surface shapes (O, > 0) are given in
Fig. 5 and will be discussed later.

Uniform heat flux along S, for a class of small
amplitude cosine-like surfaces. If a uniform heat flux is
applied along the lower surface, then go(X, Y)/q, = 1
and from equation (26), ¥ = S,. Then (85/0¥)3 = 1
= (0X/0W)§+(0Y/0W)3 and X (P) along the lower
surface can be found from

¥ (?Y 27172
Xol¥) = f [1 _<ﬁ> ["ov
0 ¥ /o
The maximum value of ¥ = ¥, is found by integrating
over the entire S, which extends to X, = 1

Ym aY 27172
SN IEH
] a‘{l 0
The effect of the lower surface shape can be
conveniently studied by letting

€2)]

(32)

1+4
1+ A cos (n'¥/¥,,) ‘l]’ G3)

Yol¥) = —

B(1—A) [
and also letting the amplitude B be small enough so that
B? < 1 (note that at the end of the curve where X, = 1
and ¥ = ¥, the Y, = B). This form is chosen because
for small B, the ¥/¥,, is close to X in value as found
from equation (31); hence the shapes of S, are close to

DIMENSIONLESS HEIGHT, yolw

1.0 — THICKNESS
PARAMETER,
o
) -
SHAPE
PARAMETER,
61—

LOWER

.2 BOUNDARY
A .4
o | x [
0 2 4 6 .8 1.0

DIMENSIONLESS LENGTH, x/w
F1G. 5. Shape of porous region for heating of lower boundary
by uniform radiation directed parallel to y-axis: (a) ampli-
tude of lower boundary B =0.2; (b) amplitude of lower
boundary B = 04.
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(23b). After considerable algebra, this yields

1
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R, 1R, 1 1

¥.[ Br { 1+24*> R
X, =¥+ -2 (14> !
sl

6A(—ADE D T6A(1—Aa5 D% 34D {(1—A3

tan ! —— EI?_L
]“Rﬁ-fﬁ

B(1 —A) (1+ A) sin & sinh p
— . (35
2 D& ) (35

{Note that the quadrant for tan™~ ! is according to the individual signs of the numerator and denominator.)

v._ | Bn 2 1424% I
Y, =@+ -2 (1—4> 2
R [2\?,‘,( )] {6A(1—A2)2 b~

where ¢ = nW/¥,, n = nd /¥, ¥, is found from

11 Bz 2
W"‘"EW[“’LM] ’

64(1—

L UL 11 (LR
AN DT T 3AD  (1-ANTF 4 (I—L)+R2
Bl—AV(1+4(1+4 & h
{ ){'( +A{1+ Vcos cos @ml], (35b)
24 D, m

D(E, ) = (1 + A cos & cosh ) +(4 sin & sinh )%,

R, = sin & (cosh n+ A cos &),
I, = sinh # {cos £+ A cosh y),

R, = sin & [cosh 5+ 24 cos &+ A” cosh 5 (cos® ¢ —sinh? n)],

I, = sinh 5 [cos &+24 cosh n+ 42 cos & (sin® &+cosh? 7)],

R, = sin ¢ [cosh 5+ 34 cos £+ 347 cosh 5 (cos? £—sinh? #)
+ 4% cos & {cosh? 5 cos? £—2 cosh? # sinh? y—sin? ¢ sinh? )],

I, = sinh 5 [cos &+ 34 cosh n+3A42 cos & (cosh? n+sin? §)
+ A2 cosh 5 (cosh? 5 cos? &+2 cos? & sin? &—sin? & sinh? p)],

1—A4 sin ¢
R, = R
1+ A/ cos E+cosh i

; \/ (1 — A sinh #

$ 1+A) cos £+cosh

Results are given in Fig. 6 where the upper surface
shapes are for @, > 0.

Nonuniform heating along a cosine-like lower surface
(small amplitudes). The purpose of this example is to
illustrate in a relatively simple way how the shape of the
upper surface is influenced by the combined effects of
having the lower surface curved and also having the
heating along it be nonuniform. Let

YY) = B 1 b (36)
oY) = S{1-cos RE , 3
and
go(¥) H b
T 1+ 5 I —cos anm . 37
Then using  (35/0¥)5 = 1/qo/ed)’ = (OX/O¥)
+{3Y/8W)E gives
1 1/2
" H ¥\
oX 1+ 5 1—cos n\—y;
lia 4

0 B ny ., ¥
=== sin®*{n—
¥ V.

The results will now be limited to both amplitudes B
and H being small so that by expanding in powers of B
and H, and neglecting powers higher than the square,
the X ,(\F) becomes

X (¥ = ) 1 " 1 ¥
o) =1 5 cos R'{’m
H? ¥\ 1/B = \* k4
1= NI B ine 7
+ 2 <1 cos n\ym> 2<2 ‘Pm> sin TE‘Pm:I dW¥.
Carrying out the integration yields

b 4 H 3H? B n\?
Xh=""1""z2"% \aw,

Y H k3
XTE? +"2’(1 -H) sin ﬂrp”'

m m

R TEAA YL ) (FROSL S e
4 52_‘}7; smn;—{}:.()

The ¥, is found by using ¥ = ¥, at X, = 1 which

yields
H 3H*\/Br\*1?
T 1+4 1—— —

" H 3H?
1-4+30)

2 8

When equations (37) and (38} are substituted into
equation (23a) and (23b), the results for the coordinates
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THICKNESS
PARAMETER
5 — &
SHAPE
PARAMETER
A

0.3

0 LOWER
KL
= O RESULTS FROMEQS. (42 a, b)
= THICKNESS
T 66— PARAMETER
] &
z 0.3
2 5i— SHAPE )
z - PARAMETER
=
(=]

|

" DIMENSIONLESS LENGTH, x/w

F1G. 6. Shape of porous region for uniform heat flux along
lower surface: (a) amplitude of lower boundary B = 0.1; (b)
amplitude of lower boundary B = 0.2,

of the unknown upper surface are

X, _‘P | H 3H? B 7\’
Tt law)
H . H\? 1/B =n\?
3(]— Hj sin £ cosh ﬂ+[(z> +—2-<Z' E) ]

B
x sin 2¢ cosh 24}— 5 sin ¢ sinh 5, (39a)

Y. n .
X.=—Re E[:—(‘l‘+1(l>s),k]
s v

m

m

WY, n .
X, =1——Re El:—*(‘l’m—‘}’—l(bs),k] -
T ¥,

b 4 T B
Y,= —-2ImE| —(¥,—¥V—i® —(1-
. L m l:‘l’m( m 15),k]+2(

L = I]l 12 -(‘P‘Fl(ps),k I—COS 7[—_ COSh 7[_’*
’ 1Y ly 2 ]‘

Y_qu | H 3H* (B =n\?
SR | R R R VA
H . H\* 1/B =n\?
+7(1~H) cos &sinh 11+[(Z> +§<z ;P—m> ]
. B
x ¢os 2¢ sinh 2n}+ 5(1 —cos & cosh ). (39b)

Shapes are given in Fig. 7 for the lower boundaries (@,
= 0)and the corresponding upper boundaries (¥, > 0).

Uniform heat flux along a cosine-like surface (not
restricted to small amplitude). The results that follow can
be used to examine the effect of larger amplitudes of the
lower surface curvature, and will verify the small
amplitude approximation used for calculating Fig. 6. If
a cosine relation for Y; in terms of ¥

Yo (¥) = 2 (1 —cos nqji> (40)

isinserted into equation (31) for uniform boundary heat
flux, the result is

v B n 2 \P 1/2
X (W) = f [1——(— ——) sin? n—] d¥y.
° 0 2 Y, ¥,

This is an elliptic integral of the second kind
@

E(p, k) EJ [1—k? sin? {JV2 d¢,
]

and can be written in the form (using k = nB/2¥,,)

¥ ¥ v 1
YY) =2 —k} 0 —<—, 41
Xol¥) == E("wm’ ) go<y @1
b 4 ¥, —¥ 1 b 4
X ¥)=1-—-2E n k] - <-—< L
0( ) I (n \Pm ,) 2 ‘Pm
(41b)

Using the condition that X o(‘F,) = 1 yields an implicit
relation for determining W, from the amplitude B of the

lower surface
¥
1= (—E>E<Ek>
T 2

Equations (40) and (41) are substituted into equations
(23a) and (23b) to yield

Bs1 b inh @,
— sin 71— sinh 71—
2
o Yo i (42a)
‘P
Bs hd sinh
p S TSI Ty LY e
¥ @, 2Ty,
¥ ¥
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PARAMETER,
H
6 el
/
A
':_:. @s y -V/_—
g 4 - /
I .
175
N
g
2 3
[%2]
]
=
5 a2

~ LOWER
BOUNDARY

0 .2 4 6 .8
DIMENSIONLESS LENGTH, x/w

FiG. 7. Porous region shapes for nonuniform heating along an

almost cosine shaped lower boundary.

The real and imaginary parts of E are found from the
following [8]:

ROBERT SIEGEL and AARON SNYDER

where

D,
§ = tan™'{ sin :
an (51 h ‘*‘m)’

o =sin"! kK =sin (f —a),
2
X(‘Pm,d)s): 11

D,
Y(¥,, @) = Y(0,D)+ B cosh .
qlm
At the specific location where W/¥,, = 0.5, y = 0 and
f = n/2. The o is found from the limiting expression

K2 12
)

1
= { n“l e S —
re [k(k’z—kz sinh? y

Results for upper and lower boundary shapes are given
in Fig. 8.

RESULTS AND DISCUSSION

When the lower surface s, of the porous material,
through which the coolant exists, is heated by incident
radiation in the y-direction that is uniform with x as
shown in Fig. 4, the coordinates of the upper surface s
are given by equations (30a) and (30b}. These shapes of

k? sin B cos B sin? o /(1 —Kk? sin® f)
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where
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and
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{theellipticintegral of the first kind). The fisfound from
B=cot™ ' /y where y is the positive root of the
quadratic equation
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The a is found from
1
o = tan~! [E (tan? &* cot? [3—])”2}
Attheend points ¥ = Oand ¥ = ¥, the {* = 0 and

the value of E(+ix,k) is imaginary. In this instance a
special formula in ref. [8; p. 592] is used to obtain
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F1G. 8. Porous region shapes for uniform heat flux along
cosine-like lower boundaries of large amplitude.



Shape of porous region to control cooling along curved exit boundary

5 will yield uniform temperature along s, as achieved
by regulating both the energy convection in the
porous region and the redistribution of energy by heat
conduction in the metailic matrix. Lower boundary
shapes corresponding to equations (30a) and (30b) are
given by equation (29). The amplitude of the curve is B,
and the parameter 4 provides a shape variation; for
A = Othe s, is a cosine curve. For various 4 valuesand

for RB=072 and nd the norous region shaneg are shown
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in Fig. 5 where the lower boundary curves correspond
to ®, = 0 and the upper boundaries are for @, > 0. The
@, is the value of the potential function at the upper sur-
face where the coolant enters the porous region. The &,
1s found from the imposed pressures and temperatures
by equations (13) and (14), and determines the average
thickness of the region ; the thickness increases as @, is

increased (the thicknessis zero when @ = n\ Asshown

IRCTOASCH A0 JGICKR IG5 15 40 U WLl 3 A8 5L

by equation (13) an increase in heating rate (increased
G.oc) Yields a decreased ®, and hence decreased region
thickness ; this provides the required increased coolant
flow.

Figure 5 shows only some examples of the upper
boundary shapes since results for other parameters are
easily calculated from the analytical solution. For thin
regions and a small amplitude B the upper contour
tends to follow the lower contour. This is because, for
small curvature {(small B), radiative heating provides
practically uniform heat addition along the lower
surface. For a thin region the behavior tends to be
locally one-dimensional (1-D); the result is a region of
practically uniform thickness.

As @, and hence the thickness, becomes larger the
upper contour deviates increasingly from being locally
1-D. For small x the lower contour is convex and hence
the flow from the upper boundary is somewhat like flow
through a cylindrical wall from inside to outside. At
large x the lower surface is concave and the flow is like
inward flow in a cylindrical region. The fact that the
region tends to be thin at small x and thick at large x
reflects the difference in flow resistance for these two
geometrical configurations. For larger thicknesses it
becomes more difficult to control the flow at the exit
surface by means of shaping the upper surface. It is
physically evident that if the lower boundary were very
irregular it would not be possible to find an upper
surface shape that would properly control the exit
coolant distribution. This is the nature of a Cauchy
problem for an elliptic system; it is not possible to
obtain a solution for arbitrary boundary conditions. In
the calculations this will be revealed by the appearance
of negative X, and/or ¥, or a shape that is obviously
unreasonable. As |4}, B, @, or any combination of
values is increased there is a greater possibility that the
solution will not exist. By avoiding regions that are
thick it is possible to obtain solutions of practical use.

For uniform heating along the lower boundary, Fig.
6 provides results calculated from equations (35a) and
{35b). The approximation used in the derivation limits
these particular results to small B, so results are given
for B = 0.1 and 0.2. The validity of the approximationis
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shown in Fig. 6(b) where the circular symbols on the
curve for 4 = 0 and @, = 0.3 are from the solutton not
limited tosmall B,equations(42a)and (42b). The results
in Fig. 6 have the same general behavior as those in Fig.
5 for unidirectional radiative heating. It was found
somewhat more difficult to meet the requirement of
uniform heating, so there are not as many A4 values in

Fig. 6(b) compared with Fig. 5(a) (which is also for B
=02

For nonuniform heating along the curved lower
boundary some results are shown in Fig. 7. Increased
heating requires a smaller region thickness to providea
greater coolant flow. From equation (37) a positive
value of the heating parameter H corresponds to
increased heating along the x-direction (note that for
small H and B the WV is not too different from X). Hence

when H = 0.2 for example, the thinning effect required
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by increased heating w;th x counteracts the geometric
effect of the lower surface becoming concave as x/w
approaches 1. Theresuitisalayer of practically uniform
thickness in the y-direction. When the heating
decreases with x (negative H) the nonuniform heating
and geometric effects combine to cause the layer
thickness to increase significantly with x.

The theory leading to equations (42a) and (42b) is not
limited to small B values for the heated surface. Results
are given in Fig. 8 for B =02, 04, and 0.6, that
demonstrate the more extreme shaping required for the
upper surface as B is increased. A larger B limits the
possible solutions to smaller @, values. Some values
fromequations (42a) and (42b) are also included on one
curve in Fig. 6(b) where the good agreement demon-
strates the validity of the small B approximation.

CONCLUDING REMARKS

An analytical method has been devised for
determining the shape of a cooled porous insert in a
curved wall to meet certain boundary conditions. One
curved side of the insert is subjected to nonuniform
heating and is to be maintained at a uniform
temperature according to design constraints. Coolant
is forced through the porous region from a reservoir on
the other side of the insert, and leaves through the
heated boundary. The heat transfer in the porous
matrix is controlled by both convection and
conduction. The shape of the boundary at the reservoir
side is unknown and is to be determined so that the
region shape will properly regulate the coolant to
achieve the required boundary conditions. Since both
heat flux and temperature are specified along one
boundary the problem s of the Cauchy boundary value
type. The mathematical nature of an elliptic system of
this type limits the generality of the solutions that can be
obtained. Solutions are most easily obtained for thin
regions, and when the contour of the heated surface and
the heating along it are not too irregular. A variety of
results are obtained to show how the porous region
should be designed to meet a required heat transfer
performance.
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FORME D'UNE REGION POREUSE POUR LE REFROIDISSEMENT LE LONG D'UNE
FRONTIERE COURBE DE SORTIE

Résumé— Une insertion poreuse refroidie dans une paroi courbe est soumise 4 un flux thermique variable
spatialement et appliqué sur un seul coté. On désire contrdler la distribution du flux de refroidissement a
travers cette surface courbe de fagon que la surface prenne une température uniforme fixée. La régulation de
I'écoulement est obtenue en choisissant la forme de la surface a travers laquelle le réfrigérant pénetre pour
obtenir la variation requise de résistance 4 I'écoulement dans la région. La forme appropri¢e de la surface est
trouvéeen résolvant un probléme de Cauchy. Des solutions analytiques sont données en bidimensionnel pour
différentes formes de la frontiére chaude soumises & différentes distributions de chauffage.

DIE FORM EINES POROSEN BEREICHS ZUR REGELUNG DER KUHLUNG AN EINER
GEKRUMMTEN FLACHE

Zusammenfassung— Der gekiihlte pordse Finsatz in einer gekriimmten Wand wird an einer Seite mit einem
bestimmten, értlich variicrenden Wiarmestrom beaufschlagt. Das Zielist, die Verteilung des Kihimittelstroms
durch diese gekriimmte Fliche so zu regeln, daB die Oberfliche aufder gewiinschten einheitlichen Temperatur
gehalten wird. Die Regelung des Kithimittelstroms wird dadurch erreicht, daf der Querschnitt, durch den das
K iihkmittel eintritt, entsprechend geformt wird, um die erforderliche Variation des Strémungswiderstandes
innerhatb des Bereichs zu erhalten. Die richtige Form der Oberfliiche wird durch Ldsung eines Cauchyschen
Randwertproblems erhalten. Analytische Losungen werden zweidimensional fiir verschiedene Formen des
beheizten Randes und verschiedene Verteilungen der Heizleistung angegeben.

BLISOP KOHOUIVPALIMU TTOPUCTOM OBJIACTH /I YIIPABJIEHWA NPOLUECCOM
OXJIAXJEHUA BAOJIb UCKPUBJIEHHON I'PAHULILI HA BBIXO/E

Annorauns—O/IHA U3 CTOPOH OXJIaXIAEMOH NOPHCTOH BCTaBKM, NOMELIEHHOW B CTEHKY C MCKDHBJICH-
HOJ TIOBEPXHOCTBIO, HATPEBAETCA TEIUIOBRIM HOTOKOM 3aJAHHON NPOCTPAHCTBEHHO M3MEHSIOLIEHCs
unTeHcuBHOCTH. HeoGXOAMMO BHISCHHTH BO3MOXHOCTL YIIPaBICHUA PacTIpeieICHHEM [TOTOKA OXJIalH-
Tesis, BBITGKAIOIIETO 4YEPE3 3TY MCKPHBIEHHYIO NOBEPXHOCTh, € TeM YTOOBI TOBEPXHOCTh MOfja
HOAJCPKHUBEATLCA DK 3aAaHHON OJHOPOAHOM TeMnepaType. Perynuposanue NOTOKOM OCYIIECTBINETCH
3a CYET TMPHAAHMA OnpeleneHHoi OPMBI TOBEPXHOCTH, HEPE3 KOTOPYIO BTEKAeT OXIafHICIb, C TeM
4TOBB MOXHO GbLIO MONYYHTL TpefyeMoe WIMEHEHHWE TMPABIMMECKOrO CONPOTHBICHHS B JTOH
o6nact. Heobxoaumas $opMa NOBEPXHOCTH HaillieHa NyTeM pelueHHs rpaunwunol 3amasu Kouwm.
Jaubl IBYMEPHbIC aHATMTHYECKHE DEILEHHS AIs PAa3HUYHBIX KOHQUrypaumuid HarpeBaeMoi rpaHHIbL,
Ha KOTOPOH HMEIOT MECTO Pa3in4HblC PACHPEACICHUA TENIOBOro NOTOKA.



