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Abstract-A cooled porous insert in a curved wall has a specified spatially varying heat flux applied to one side. 
It is desired tocontrol the distributionofcoolantflow out through thiscurvedsurfaceso that thesurface will be 
kept at a desired uniform temperature. The flow reguiation is accomplished by shaping the surface through 
which the coolant enters the region to obtain the required variation of flow resistance within the region. The 
proper surface shape is found by solving a Cauchy boundary vaIue problem. Analytical solutions are given in 

two dimensions for various shapes of the heated boundary subjected to different heating distributions. 

NOMENCLATURE 

shape parameter of curved heated surface 
amplitude of heated surface shape 
specific heat at constant pressure of coolant 
term defined after equation (35bf 
elliptic integral of the second kind 
elliptic integral of the first kind 
amplitude of heating variation along heated 
surface 

. i4 functions defined after equation (35b) 
effective thermal conductivity of porous 
material 
modulus of elliptic integral, k’ = ,/(l - kz) 
for incompressible flow, (1/2)(~/~,)(t,/t); 

for compressible flow, ~~~~ 
coordinate in direction of outward normal, 
NW 
for incompressible flow, p/p, ; for 
compressible flow, (p/pm)* 
pressure 
heat flow rate per unit area 
heat flux vector, equation (3) 
gas constant 

. . R, functions defined after equation (35b) 
s 

T 

t 

II 

I,Y 

distance along curved boundary, SW 
temperature ratio, t/f, 
absolute temperature 
coolant velocity vector 
width of porous region in the x-direction 
Cartesian coordinates, x/w, y/w 

Xc, Y0 functions X(Y), Y(Y) along S, 

X>Y Cartesian coordinates 
Z complex variable, X + i Y. 

Greek symbols 

; 

angle defined after equation (42b) 
angle defined after equation (42b) 

i dummy integration variable 

I: 
variable, 7&,/Y, 
angle in Fig. 3 

;I 
permeability of porous material 

parameter, p,c,~p,/2Q, 

coolant viscosity 
variable, nY’/Y, 
dummy variable 
coolant density 
potential function obtained by solving 
boundary value problem 
value of @ obtained using equations (I 3) 
and (14) 
amplitude of elliptic integral 
quantity defined after equation (42b) 
function orthogonal to cft 
maximum of Y 
d2px2+a2/ay2. 

Subscripts 
ref reference value 

s, 
at shaped coolant entrance surface 
at curved boundary exposed to heat load 
(coolant exit surface) 

x) conditions in coolant reservoir. 

INTRODUCTION 

A POSSIBLE cooling technique for surface protection 
against high external heat fluxes is to use a porous 
structural material and force coolant through it so that 
it leaves the porous region through the heated 
boundary. Applications are in arc electrodes, turbine 
blades, rocket nozzles, and re-entry bodies. In the 
present analysis, the surface exposed to the heat load is 
curved and is required to be at uniform temperature 
even though the heat !I ux along it can be nonuniform. 
The required cooling can be achieved by utilizing the 
flow resistance within the porous region to obtain 
proper coolant distribution. The porous region surface 

at the coolant reservoir is shaped so that the necessary 
flow resistance is provided along paths through the 
region, The shape must be designed to yield the desired 
uniform temperature along the coolant exit surface. 
The analysis includes not only the effect of convective 
cooling within the porous region, but also the 
redistribution of energy by heat conduction in the 
porous metallic matrix. 
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244 ROBERT SIEGEL and AARON SNYIXK 

The flow through the porous region is governed by 
Darcy’s law, and can be compressible (perfect gas) or 
incompressible. Local thermal equilibrium is assumed 
between the coolant and the porous metallic matrix. 
The fluid viscosity can be a specified function of 
temperature. For these conditions a heat transfer 
theory has been developed and applied in refs. [I --41. 
The heat transfer characteristics were shown to depend 

on obtaining a potential function in the region, so the 
mathematical problem is elliptic in type. 

As discussed in ref. [4], the dual conditions of both 
temperature and heat flux being specified along the 

coolant exit boundary mean that the boundary 
conditions are of the Cauchy type. Consequently for an 
ellipticsystem the mathematical formulation is not well 

posed. Many useful solutions can be obtained, 
although it is not possible to find region shapes that will 
provide a desired performance for arbitrary heating 
conditions and surface shapes at the coolant exit 
boundary. A variety of solutions are given here for a 
class of cosine-like exit surface shapes. The heating 
conditions considered are uniform heat flux along the 
boundary, uniform unidirectional incident radiation, 
and a cosine type heating variation. The solutions 
illustrate the interactive effects on the inlet boundary of 

the exit boundary shape and the imposed heating 
conditions. 

ANALYSIS 

The two-dimensional (2-D) porous region is shown 
in Fig. 1. The curved upper and lower boundaries are 

COOlANT RESERVOIR, pm, t, 

COOLAN7 

BOUNDARY s 

t----w--l 
la) 

FIG. 1. Curved porous cooled insert in a solid wall : (a) physical 
coordinates and conditions at boundaries; (b) dimensionless 
coordinates with boundary conditions in terms of potential 

function. 

permeable, while the side boundaries are joined to a 
solid wall and hence have no flow through them. The 
upper reservoir contains coolant at pn, f, that is 
pumped into the region through boundary s. The 
coolant flows out through s0 which is at uniform 
pressure p0 and has a heat flux c~,,(.u, ~1) imposed along it. 
The coolant Aow distribution through s,, is to be 
regulated to carry away this heat load and maintain the 
surface s0 at a specified design temperature t,. This is 
accomplished by having the proper shape of the upper 
curved surface. The correct region shape will provide 
the required flow distribution and heat conduction 
within the porous structure such that s,, will be at the 
desired uniform temperature. In many instances the 
flow resistance of the porous medium is large enough 

that px) -pO is much greater than any pressure 
variations along the porous boundaries. Hence p, and 
p0 can each be assumed uniform. The effect of 
nonuniform pressure can be estimated by using ref. [S]. 

Gene& equations and boundary conditions 
The differential equations of flow and energy have 

been developed and applied in refs. [I -41, and will now 
be briefly summarized. The relations allow for either 
compressible or incompressible flow, and for a coolant 
viscosity that is a function of temperature. The general 
equations are Darcy’s law for How through a porous 
material 

(where I< is constant in the present analysis), 
conservation of mass 

V. u = 0 (incompressible flow), Pa) 

V. (pu) = 0 (compressible flow). (2b) 

energy conservation for conditions of thermal 
equilibrium between solid and coolant 

P-q = 0 where q = -I\,Vt +puc,t, (3) 

and the perfect gas law for a compressible coolant 

p = ORt. (4) 

The boundary conditions along the coolant inlet 
surface s are (upper surface in Fig. 1) 

p = p5 = p r = const., (5) 

k,n, . VI = pc,J/ -I I )n, . u, (6) 

where ns is a unit outward normal vector. Along the side 
boundaries, which are assumed insulated 
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Along the coolant exit surface s,, of the region (the 
heated lower surface in Fig. 1) 

p = p. = con&, (8) 

t = t, = const., (9) 

Potentialfunclion relations 

Although the geometry is somewhat different, the 
analysis in ref. [4] involves boundary conditions 
similar to those of the present study. A key element 
shown by the analyses in refs. Cl, 43 is that the spatial 
distributions of temperature, coolant flow, and heat 
Row within the porous region can all be expressed by 
analytical functions in terms of a potential function 
Q(X, Y), The Q is obtained by solving Laplace’s 
equation P’Q = 0 in the region, subject to boundary 
conditions that will be given below in terms of Q. 
Physically, the negative gradient ofQ is proportional to 
the energy flux by both convection and conduction in 

the region [ 11. 
After Q has been found, the temperature distribution 

in the region is obtained by using 

T(X,Y)= l+(T,-1)exp 
Vref 

- 
k,QT,- 1) Q(x’ ‘) 1 

(11) 
This particular form results from arbitrarily fixing the 
level of Q such that at the lower boundary 

Q(X, Y) = 0 (X, Y on S,), (12) 

so that along S,, T(X, Y) = TO, which is the specified 
dimensionless surface temperature. At the upper 
boundary, equation (I 1) yields 

(13) 

where T, and QF are both uniform over Sas shown by the 
derivations in refs. [l-3]. The upper boundary 
temperature T is not a specified quantity, but depends 
on the coolant flow rate and thus on the pumping 
pressure and coolant viscosity. The T, is found from the 
relation [l-3] 

I’,=1+: 
J 

?‘a ,,,fT 
--- dT, 

T, 1-T 
(14) 

A 

where P, and TO are known, and the factor M accounts 
for the coolant viscosity variation with temperature 
inside the region. Along the side walls the boundary 
conditions in terms of Q are 

dQ 
- = 0. 
3X 

(15) 

By expressing t in terms of Q by equation (ll), the 
remaining boundary condition, equation (lo), becomes 

c?Q 40(X, Y) =- 
JN Q=,, qrer 

(16) 

Figure l(b) summarizes the conditions on Q. The shape 
of the upper surface at constant Q, must be found to 
satisfy the dual boundary conditions (12) and (16) along 
the lower surface. 

Region in potential plane, W = Y + iQ 
The region in Fig. l(b) extends between two constant 

Q surfaces along l-2 and 3-4, and the vertical sides are 

normal to the constant Q lines. The region thus 
occupies a rectangle in the W-plane as shown in Fig. 2. 
The region can be extended in a periodic fashion in the 
X-direction by reflecting about the zero-derivative side 

boundaries (which become symmetry lines) as shown in 
Fig. l(b); the transformed region then occupies an 
infinite strip in the upper half plane in Fig. 2. In what 
follows it will be necessary to describe Y (the function 
orthogonal to Q) in terms of X, Y. When results are 
obtained, the Q’, is bounded such that Q is an analytic 
function of X and Y in the region. 

In the W-plane the X, Y are dependent variables ofQ 
and Y. Since Q and hence Y, are analytic functions of 
X, Y, then the X, Y are analytic functions of Y, Q and 
satisfy 

(174 

(17’4 

in the region bounded by Q = 0 and CD,. The Cauchy- 
Riemann equations then yield 

ax aY _=_ 
8Y i7Q’ 

ax aY -_ 
25= aY" 

(184 

(18b) 

The Cauchy boundary conditions consist of 
specifying a function and its normal derivative along 
the same boundary. In terms ofFig. 2 this would consist 
of knowing X(Y), Y(Y), and (aX/aQ)(Y), (aY/EJQ)(Y) 
along the real axis l-2 corresponding to the known 
boundary S, in Fig. 1. If these boundary conditions are 
known, the results in ref. [6; p. 6891 can be used to 
derive an expression for Z(Y, Q) in the region (as long as 

FIG. 2. Porous region in the potential plane W = Y + i@. 
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2 remains analytic) 

Z(Y,@,) = X(Y,@)+iY(Y,O) = Re[X,(Y+i@)] 

+i ReCW’+iWl+ $ [~~~[(~z(I) 

+i g (0 di. (19) 
01 0 

Using the Cauchy-Riemann relations, equations (18a) 
and (18b), this is equal to 

X(Y,@)+iY(Y,@) = Re[X,(Y +i@)] 

+i ReCYo(Y+i@)]+ $ jI:I [ -(&)Ji) 

If the functions X,(Y) and Y,(Y) at the lower boundary 
are known, equation (20) can be integrated to yield 2 in 
terms of known quantities 

Z(Y, @) = Re[X,(Y + i@)] + i Re[ Y,(Y + i(b)] 

1 
+T[-Y(i)+iX ([)]F’ig. 

21 O 
0 (21) 

Since X, and Y. are real functions ofacomplex variable 
(i.e. the conjugate of the function equals the function of 
the conjugate), this simplifies to 

Z(Y,@) = X,(Y +i@)+iY,(Y +i@), (22) 

so that by separating real and imaginary parts 

X(Y,@) = Re X,(Y +i@)-Im Y,(Y +iQ), (23a) 

Y(Y, 0) = Im X,(Y + i@) + Re Y,(Y + i@). (23b) 

As long as the solution is contained within a region in 

the upper half plane in which Z is analytic, the X, Y 
coordinates can be determined if the functions X,(Y) 
and Y,(Y) are known along @ = 0. These required X0 
and Y, relations can be found from the specified surface 
shape and imposed heat flux along the lower boundary 
in Fig. 1. 

Since @ and Y are analytic functions of X and Y we 
have the relations (referring to Fig. 3) 

$!~osinO=~~o= -~lo=-~~osinQ, (24a) 

Hence, by using equation (16) 

aa, 40(X, Y) rlY 

aN 0 =--=-=O' 
(25) 

qrer 

which is also a Cauchy-Riemann equation since N and 
S are orthogonal. Integrating for Y as a function of So 
(let Y = 0 at So = 0) 

Y(X, Y) = s so(x,y) qo(X, Y) 
___ dS, (X, Y on So). 

0 %ef 

(26) 

With So(X, Y) and qo(X, Y) specified, equation (26) will 

provide the necessary relations for calculating X and Y 
from equations (23a) and (23b). When @ = Q’,, where 
the value of @, is found from equation (13) in 
conjunction with equation (14) for the specified 
physical conditions, then equations (23a) and (23b) will 
yield the coordinates of the unknown upper surface in 
Fig. l(b). Results will now be obtained for some specific 

heating conditions. 

Results for various heating conditions 
Heat radiation in the Y-direction that is uniform with 

X. As a first example, unidirectional radiative heating 
provides an especially simple analytical solution ; the 
heating is shown in Fig. 4. If a is the absorptivity of the 

surface for radiation, the heat flux along So is q&S) 
= qrada cos O(S). The surface temperature is assumed 
sufficiently low so that reradiation can be neglected. 
From equation (26), since dS/dXJ, = I/cos 0, there 

results along So (let qCef = c(q,,J 
f XiSnl _I‘3 

_’ Y(X, Y) = J 0 
cos O(S) g dX 

0 

s X0 

zz dX = X,. (27) 
0 

Then by use of equation (27) in equations (23a) and 

(23b) 
X(Y,@) = Re (Y +i@)-Im Y,(Y +i@), (28a) 

Y(Y,@) = Im (Y+iO)+Re Y,(Y+i@), (28b) 

where Y,(Y) = Y,(X) by virtue of equation (27), and 
Y,(X) is the specified shape of the heated lower 
boundary in Fig. 4. This type of solution is related to the 
results for an inverse electrochemical machining 
problem analyzed in ref. [7]. 

y 

qrad (UNIFORM) 

FIG. 4. Heating by uniform radiation directed parallel to 
Y-axis. FIG. 3. Detail of normal direction along boundary S,. 



Shape of porous region to control cooling along curved exit boundary 241 

A convenient periodic function that will define a those in equation (29) and comparisons can be made. 
variety of shapes for the lower boundary, by using Equation (33) is substituted into equation (31) and the 
various A and B, is square root expanded for small B to obtain 

B(l-A) 
Y,(X) = 7 lSA -1 

l+A cos nX > 
-l<A<l. 

(29) X,,(Y)= ~o~{l-$&(l-Az)] 

The Y,(O) = 0 and Y,(l) = B (the amplitude of the 
curve), and A regulates the shape as shown by the sets 
of curves for @‘, = 0 (labeled ‘lower boundary’) in Figs. 

sin’ (7N/Y,) 

x [l + A cos (nY/Y,)]’ 
dY. (34) 

5(a) and (b). Using equation (29) [and Y,(k) = Y,($) 
from equation (27)] in equations (28a) and (28b) yields 

The integration is carried out and the result, along with 

for the coordinates of the upper surface (0 < Y < 1, 
equation (33), is substituted into equations (23a) and 

sin nY sinh R@, 

(1 + A cos TCY cash n@J’ +(A sin ZY sinh K@,)’ 1 ’ 

(1 +A)(1 +A cos nY cash CD),) 

(1 + A cos nY cash n@Jz +(A sin nY sinh n@J2 
-1 

1 

(304 

WW 

When the shape parameter A = 0, the lower boundary 
is a simple cosine curve and the coordinates ofthe upper 
surface become 

X, = Y - t sin RY sinh 7~@,, 
0 

r,=@,,+ ; (1-cosnYcoshn@,). 
0 

Results for upper surface shapes (a, > 0) are given in 
Fig. 5 and will be discussed later. 

Uniform heat flux along SO for a class of small 
amplitude cosine-like surfaces. If a uniform heat flux is 
applied along the lower surface, then qO(X, Y)/q,,, = 1 
and from equation (26), Y = S,. Then (B/aY)i = 1 

= (aX/aY)~+(aY/aY)~ and X,(Y) along the lower 
surface can be found from 

X,,(Y) = Joy[ 1 -($):I”’ dY. (31) 

The maximum value of Y = Y, is found by integrating 
over the entire S, which extends to X, = 1 

1 = j.oym [l -(g):]‘:’ dY. (32) 

The effect of the lower surface shape can be 
conveniently studied by letting 

B(l-A) 
y,W) = 7 

l+A 

1+ A cos @Y/Y’,) 
-1 

I 
, (33) 

and also letting the amplitude B be small enough so that 
B2 @ 1 (note that at the end of the curve where X, = 1 
and Y = Y,, the Y, = B). This form is chosen because 
for small B, the Y/Y,,, is close to X in value as found 
from equation (31); hence the shapes of S, are close to 

.l 

.6 

THICKNESS 
PARAMETER. 

.8 

0 .2 .4 .6 .8 1. 0 
DIMENSIONLESS LENGTH, x/w 

FIG. 5. Shape of porous region for heating of lower boundary 
by uniform radiation directed parallel to y-axis: (a) ampli- 
tude of lower boundary B = 0.2; (b) amplitude of lower 

boundary B = 0.4. 
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(23b). After considerable algebra, this yields 

(Note that the quadrant for tan -’ is according to the individual signs of the numerator and denominator.) 

where 5 = nY/Y,,,, q = uD~/Y,,,, Y’, is found from 

(I +A)(1 +A cos ( cash a) _~.._._ _ 1 
DG Tl I 

. WV 

D(& q) = (1 + A cos r cash v)~+(A sin 5 sinh n)“, 

R, = sin 5 (cash q+A cos <), 

I, = sinh q (cos 4 + A cash q), 

R1 = sin 5 [cash vf2A cos f+A2 cash q (cosz t-sinh2 q)J, 

I, = sinh q [cos (5 + 2A cash q + A2 cos 5 (sin2 i + cash’ q)], 

R, = sin r [cash q+3A cos [+3A* cash q (co? t-sinh’ q) 
+A3 cos < (cosh2 q cos2 5-2 cash’ q sinh’ q-sin’ 4 sinh2 g)], 

I, = sinh n [cos (+3A cash 1+-3A2 cos 5 (cash’ v+sin2 5) 

f A2 cash r (cosh2 n cos’ (+2 co? < sin’ <-sin* 5 sinh’ r)], 

I-A 
R,= - 

VJ > 

sin { The results will now be limited to both amplitudes B 

1-t-A cos <+cosh 4’ and H being small so that by expanding in powers ofB 

1-A 
I,= - 

J( > 

sinh q 
and H, and neglecting powers higher than the square, 
the X,(Y) becomes 

1 + A cos <+cosh ~7’ 

Results are given in Fig. 6 where the upper surface 
shapes are for @$ > 0. 

X,(Y)= ~~~[l-r(i-cos n;) 

Nonuni$orm heating along a cosine-like lower surface 
(small amplitudes). The purpose of this example is to 

+:(I-cosrr;r-:(&~sin’n~]dY. 

illustrate in a relatively simple way how the shape of the 
upper surface is influenced by the combined effects of 

Carrying out the integration yields 

having the lower surface curved and also having the 
heating along it be nonuniform. Let 

X,(Y) = YE. 
rc 

YiiY~=;(l-cos +), (36) 

and 

TV\ - I 
_-- = “I y\ 1 A- -.-- 1 --COR n- (371 

( :3g1 
--_ . 

‘- ’ Yrer -’ 2\- YJ 
The Y’, is found by using Y = Y,,, at X, = 1 which 

Then using (%‘aY)z = 1/(4~/~~=r~’ = (aX/aY)Z yields 
+ (~Y/~Y)~ gives 

Y H Y 
x X- + T(l -H) sin rc-- 

3X 

m 0 

Brr 2 

l/Z 
>( >I 

r/2 
-4 

y, =_.__.P.P._...-. 
_/. H 3H2\ 

4--+3 
When equations (37) and (38) are substituted into 
equation (23a) and (23b), the results for the coordinates 
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THICKNESS 
PARAMETER 

,’ r SHAPE 0s ^_ 

.6r- 

0 RESIJLTSFROMEQS. (42 a, b) 
THICKNESS 
PARAMETER 

0 .2 .O .6 .a 1. 0 
DIMENSIONLESS LENGTH, x/w 

FIG. 6. Shape of porous region for uniform heat flux along 
lower surface: (a) amplitude of lower boundary B = 0.1; (b) 

amplitude of lower boundary B = 0.2. 

of the unknown upper surface are 

x sin 25 cash 2~ - t sin 5 sinh q, 
> 

(39a) 

x cos 25 sinh 21 + :(I -cos 5 cash q). 
I 

(39b) 

Shapes are given in Fig. 7 for the lower boundaries (Qs 
= 0) and the corresponding upper boundaries (Q, > 0). 

Uniform heat flux along a cosine-like surface (not 
restricted to small amplitude). The results that follow can 
be used to examine the effect oflarger amplitudes of the 
lower surface curvature, and will verify the small 
amplitude approximation used for calculating Fig. 6. If 
a cosine relation for Y, in terms of Y 

v,(Y)=;(Gcos +). (40) 

is inserted into equation (31) for uniform boundary heat 

flux, the result is 

X,(Y) = loy[1-(t!/)2 sin’ z:J” dY. 

This is an elliptic integral of the second kind 

E(rp, k) = 
1 

’ Cl- k2 sin’ [I’/’ d[, 
cl 

and can be written in the form (using k = nB/2Y’,) 

(41’4 

Using the condition that X&P,,,) = 1 yields an implicit 
relation for determining Y’, from the amplitude B ofthe 

lower surface 

1 = (+)E(;,k). 

Equations (40) and (41) are substituted into equations 
(23a) and (23b) to yield 

(424 

(42b) 
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a7 r 
HEATING 

PARAMEfER. 

0 .2 .4 .6 .a 1.0 
DIMENSION~SS LENGTH, xtw 

FIG. 7. Porous region shapes for nonuniform heating along an 
almost cosine shaped lower boundary. 

The real and imaginary parts of E are found from the 

following [S] : 

where 

, 

Y(V,, Q,) = Y(0, QJ + B cash 2. 
m 

At the specific location where Y/Y, = 0.5, x = 0 and 
/I = n/2. The CI is found from the limiting expression 

,* k- 

k2-kZ sinh’ 4 

Results for upper and lower boundary shapes are given 
in Fig. 8. 

RESULTS AND DISCUSSION 

When the lower surface se of the porous material, 
through which the coolant exists, is heated by incident 
radiation in the y-direction that is uniform with x as 

shown in Fig. 4, the coordinates of the upper surface s 
are given by equations (30a) and (30b). These shapes of 

Re E(5* i iq, k) = E@, k) + 
k2 sin fl cos p sin’ t( J( 1 - k2 sin’ fl) 

cos’ rx+ k2 sin’ j3 sin2 o! ’ 

Im E([* 1: iv, k) = L- 
(1 - k2 sin’ /?) sin a cos rx ,/(l - k2 sin2 a) 

F(ct, k’) - E(cc, k’) + -. 
cos’ c( + k2 sin2 fl sin2 c( 

l_ 

k= &l-k’) 

THICKNESS 
PARAMETER, 

1.2 r 6 @P, 

where 

and 

(theellipticintegralofthefirstkind).TheBisfoundfrom 
/3 = cot * Jx where x is the positive root of the 
quadratic equation 

)c2 -(cot’ <* c k2 sinh2 q cosec’ [* - k”)x 

-V2 cot2 I$* = 0. 

The a is found from 

cc=tan-’ 
L 

k (tan2 g* cot2 p- 1)1’2 
1 

. 

At the end points Y = 0 and \y = Y’,, the 4* = 0 and 
the value of E( +iq, k) is imaginary. In this instance a 
special formula in ref. [S ; p. 5921 is used to obtain 

X(0, Q,) = 0, 

Y(0, Q’,) = 2 [ - E(O, K) -+ F(B, I<) 

- .2 
.6 

0 .2 .4 .6 .8 1. 0 

DIMENSIONLESS LENGTH, x/w 

FIG. 8. Porous region shapes for uniform heal flux along 
cosine-like lower boundaries of large amplitude. 
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s will yield uniform temperature along se as achieved 
by regulating both the energy convection in the 
porous region and the redistribution of energy by heat 
conduction in the metallic matrix. Lower boundary 
shapes corresponding to equations (30a) and (30b) are 
given by equation (29). The amplitude of the curve is B, 
and the parameter A provides a shape variation; for 
A = 0 the so is a cosine curve. For various A values and 
for B = 0.2 and 0.4, the porous region shapes are shown 
in Fig. 5 where the lower boundary curves correspond 
to Q’, = 0 and the upper boundaries are for aD, > 0. The 
Qs is the value of the potential function at the upper sur- 
face where the coolant enters the porous region. The Q? 
is found from the imposed pressures and temperatures 
by equations (13) and (14) and determines the average 
thickness of the region ; the thickness increases as Q’r is 
increased (the thickness is zero when Gs = 0). As shown 
by equation (13) an increase in heating rate (increased 
qrer) yields a decreased @, and hence decreased region 
thickness ; this provides the required increased coolant 
flow. 

Figure 5 shows only some examples of the upper 
boundary shapes since resuhs for other parameters are 
easily calculated from the analytical solution. For thin 
regions and a small amplitude B the upper contour 
tends to follow the lower contour. This is because, for 
small curvature (small B), radiative heating provides 
practically uniform heat addition along the lower 
surface. For a thin region the behavior tends to be 
locally one-dimensional (1-D); the result is a region of 
practically uniform thickness. 

As Q’S, and hence the thickness, becomes larger the 
upper contour deviates increasingly from being locally 
I-D. For small x the lower contour is convex and hence 
the flow from the upper boundary is somewhat like flow 
through a cylindrical wall from inside to outside. At 
large x the lower surface is concave and the flow is like 
inward flow in a cylindrical region. The fact that the 
region tends to be thin at small x and thick at large x 
reflects the difference in flow resistance for these two 
geometrical configurations. For larger thicknesses it 
becomes more difficult to control the flow at the exit 
surface by means of shaping the upper surface. It is 
physically evident that if the lower boundary were very 
irregular it would not be possible to find an upper 
surface shape that would properly control the exit 
coolant distribution. This is the nature of a Cauchy 
problem for an elliptic system ; it is not possible to 
obtain a solution for arbitrary boundary conditions. In 
the calculations this will be revealed by the appearance 
of negative X, and/or x, or a shape that is obviously 
unreasonable. As IAl, B, Qs, or any combination of 
values is increased there is a greater possibility that the 
solution will not exist. By avoiding regions that are 
thick it is possible to obtain solutions of practical use. 

For uniform heating along the lower boundary, Fig. 
6 provides results calculated from equations (35a) and 
(35b). The approximation used in the derivation limits 
these particular results to small B, so results are given 
for B = 0.1 and 0.2. The validity of the approximation is 

shown in Fig. 6(b) where the circular symbols on the 
curve for A = 0 and @s = 0.3 are from the solution not 
limited to small B, equations (42a) and(42b). The results 
in Fig. 6 have the same general behavior as those in Fig. 
5 for unidirectional radiative heating. It was found 
somewhat more difficult to meet the requirement of 
uniform heating, so there are not as many A values in 
Fig. 6(b) compared with Fig. 5(a) (which is also for B 
= 0.2). 

For nonuniform heating along the curved lower 
boundary some results are shown in Fig. 7. Increased 
heating requires a smaller region thickness to provide a 
greater coolant flow. From equation (37) a positive 
value of the heating parameter H corresponds to 
increased heating along the x-direction (note that for 
small Hand B the ‘I’ is not too different from X). Hence 
when H = 0.2 for example, the thinning effect required 
by increased heating with x counteracts the geometric 
effect of the lower surface becoming concave as x/w 
approaches 1. The result is a layer ofpractically uniform 
thickness in the y-direction. When the heating 
decreases with x (negative H) the nonuniform heating 
and geometric effects combine to cause the layer 
thickness to increase significantly with x. 

The theory leading to equations (42a) and (42b) is not 
limited to small B values for the heated surface. Results 
are given in Fig. 8 for B = 0.2, 0.4, and 0.6, that 
demonstrate the more extreme shaping required for the 
upper surface as B is increased. A larger B limits the 
possible solutions to smaller @, values. Some values 
from equations (42a)and (42b) are also included on one 
curve in Fig. 6(b) where the good agreement demon- 
strates the validity of the smail B approximation. 

CONCLUDING REMARKS 

An analytical method has been devised for 
determining the shape of a cooled porous insert in a 
curved wall to meet certain boundary conditions. One 
curved side of the insert is subjected to nonuniform 
heating and is to be maintained at a uniform 
temperature according to design constraints. Coolant 
is forced through the porous region from a reservoir on 
the other side of the insert, and Ieaves through the 
heated boundary. The heat transfer in the porous 
matrix is controlled by both convection and 
conduction. The shape of the boundary at the reservoir 
side is unknown and is to be determined so that the 
region shape will properly regulate the coolant to 
achieve the required boundary conditions. Since both 
heat flux and temperature are specified along one 
boundary the problem is of the Cauchy boundary value 
type. The mathematical nature of an elliptic system of 
this typelimits thegenerality ofthe solutions that can be 
obtained. Solutions are most easily obtained for thin 
regions, and when the contour of the heated surface and 
the heating along it are not too irregular. A variety of 
results are obtained to show how the porous region 
should be designed to meet a required heat transfer 
performance. 
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FORME D’UNE REGION POREUSE POUR LE REFROIDISSEMENT LE LONG D’UNE 
FRONTIERE COURBE DE SORTIE 

R&sum&-Une insertion poreuse refroidie dans une paroi courbe est soumise & un Aux thermique variable 
spatialement et appliquC sur un seul cot&. On desire contritler la distribution du flux de refroidjssem~nt ii 
travers cette surface coutbe de faGon que la surface prenne une temp&ature uniforme fix&e. La rkgulation de 
l’icoulement est obtenue en choisissant la forme de la surface B travers laquelle le refrigerant pknttre pour 
obtenir la variation requise de rCsistance $ 1'8coulement dans la rtgion. La forme approprike de la surFAce est 
trouvte en rCsolvant un probltme de Cauchy. Des solutions analytiques sont donnCes en bidimensionnel pour 

diffkrentes formes de la front&e chaude soumises B difftrentes distributions de chauffage. 

DIE FORM EINES POROSEN BEREICHS ZUR REGELUNG DER KiSHLUNG AN EINER 
GEKRUMMTEN FLb;CHE 

2~mmenfassung-Der gekiihlte porase Einsatz in einer gekr~mmten Wand wird an einer Seite mit einem 
bestimmten,iirtlich variierenden WBrmestrom beaufschlagt.DasZiefist,dieVerteilungdesKiihImittelstroms 
durchdiesegekriimmteFllchesozuregeln,da13dieOberflPcheaufdergewiinschteneinheitlichenTemperatur 
gehalten wird. Die Regelung des Kiihlmittelstroms wird dadurch erreicht, da13 der Querschnitt, durch den das 
Kiihlmittel eintritt, entsprechend geformt wird, urn die erforderliche Variation des Striimungswiderstandes 
innerhalb des Bereichs zu erhalten. Die richtige Form der Oberfllche wird durch Liisung eines Cauchyschen 
RandwertprobIems erhalten. Analytische Liisungen werden zweidimensional fiir verschiedene Formen des 

beheizten Randes und verschiedene Vetteilungen der Heizleistung angegeben. 

AHHoTaqiu-OnHa W3 CTOpOH OXJIaX(AaeMO~ IlOpHCTOii BCTBBKW, nOMeu@HHOir B CTWKy C HCKpHBJIeH- 

HOii uOBepXHOCTbto, HkllJ,NG,'ZTC5l Te,,JlOBbIM nOTOKOM 3aAaHHOti IlpOCTpaHCTBeHHO H3MCHSu0Lt,CfiC8 

I1HTeHCHBHOCTH. Heo6xoA&iMo BblRCHHPb B03MOTHOCTb ynpaBAeHWR paCl',pCAeJRHH'?M nOTOKa OUaAu- 

TeJ%S1, BbtTCKa~~erO Wpe3 3Ty ~CKp~B~eHHy~ l'!OBepXSOCTb, C TeM 'ST06bi nOBepXHOCTb MOrna 

no~ep~~BaTbc~np~3aAaHHo~ 0A~0p0~~0~TeMnepaTy~.Pery~Hpo~aH~e IIOTOXOM ocywecranrescff 

3a CYCT npHAaHHfl On~ACReHHOii +OpMbI IIOBepXHOCTK, 'V?pe3 KOTOpylo BTeKaeT OXJlaAHTeRb, C TeM 

YTO6bI MOmHO 6b"lO nO,IyWlTb Tw6yeMN A3MeHeHWe rHApN,AHWCKOrO COnpOTHBJIeHHR B 3TOk 

o6nacTs. Heo6xonmiaa +OpMa IlOBepXHOCTH HaiUleHa IlyTeM pN.IeHWl rpaHWlHOfi 3aAaYW KOUJH. 

Aaebr aeytdepHble aHanmmecme peluemin MR pa3Akiwblx KoH&irypauuk HarpesaeMoii rpamiubl, 

Ha ~0Topoiimsez-o~ hienopa3nesssbie pacrtpeAeneHtin TennoBoro no~omk. 


